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forces, in a ﬁnite body, so that the singular stress ﬁeld can be directly obtained from solving the integral
equations on the external boundary, without involving the linear superposition technique that was often
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This is the ﬁrst of a series of papers. The motivation of the pro-
ject is to develop a fast stress ﬁeld solver for calculating driving
forces on discrete dislocations in a ﬁnite solid body. Discrete dislo-
cation plasticity has been an active research area in the past dec-
ades. Many methods, such as the lattice method (Lepinoux and
Kubin, 1987), force method (Zbib et al., 1998), differential stress
method (Schwarz, 1999), parametric dislocation dynamics (Gho-
niem and Sun, 1999; Ghoniem et al., 1999), and phase ﬁeld model
(Koslowski et al., 2002; Wang et al., 2003), have been developed.
The focus of most of these analyses has been on the stress–strain
relation and/or the emergence of organized dislocation structures;
often, periodic boundary conditions were used. However, in prob-
lems such as contact loading (Polonsky and Keer, 1996), bending of
a micro-beam (Cleveringa et al., 1999) or indentation of a thin ﬁlm
(Fivel et al., 1997; Balint et al., 2006), image forces due to external
surfaces have to be considered so the stress ﬁelds in ﬁnite solid
bodies can be calculated. To fulﬁll this requirement, Van der Gies-
sen and Needleman (1995) have proposed a formulation that is
based on the principle of linear superposition in elasticity to ad-
dress Boundary Value Problems (BVP), in which the dislocation
motion in a ﬁnite body or near surface were studied.In many engineering applications, micro-structures of solids
evolve over time. The structural evolution is often affected by the
presence of stress ﬁeld, such as thin ﬁlm morphology instability
driven by surface diffusion (Yao et al., 1988; Srolovitz, 1989). For
repeated calculations of the stress ﬁeld in an evolving body, reduc-
ing the calculation cost becomes extremely important. Finite ele-
ment method (FEM), as a general tool for solving stress ﬁeld, has
been used in simulating micro-structure evolution. For example,
Bower and Wininger (2004) simulated constitutive response of
polycrystals during high temperature plastic deformation and Pre-
vost et al. (2001) simulated crack nucleation due to stress depen-
dant surface reaction. However, if one uses FEM as a stress solver
in simulating structural evolution, updating mesh can take a large
portion of the total calculation time. Furthermore, FEM has to solve
the displacements or stresses in the whole domain, of which most
of the information is not needed if we are only concerned about the
mass transport at the surface, grain boundary, or the stress ﬁeld
near discrete dislocations. Similar to the approach in Van der Gies-
sen and Needleman (1995), El-Awady et al. (2008), Biner and Mor-
ris (2002), and Tsuru et al. (2010) used the boundary element
technique instead of FEM to solve for the stress ﬁeld.
Boundary element method (BEM), due to its fewer degrees of
freedom, is very attractive in solving for the stress ﬁeld and has
its own advantage of reducing calculation cost in the above-men-
tioned cases. The mesh generation and reﬁnement in BEM is much
simpler than in FEM, especially for two-dimensional problems, in
which we only need to divide a line element into two when it is
too long, or to eliminate it when it is too short (Liu and Yu,
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the boundary, stresses at only points of interest are calculated.
Hence, in this series of papers, we use BEM to solve for the stress
ﬁeld in a ﬁnite body. As will be shown, the difference between
the current approach and the other approach for dislocations in ﬁ-
nite domain is that the stress ﬁeld is computed directly without
involving the superposition technique and the kernels in the inte-
gral equations are weakly singular.
The conventional BEM is based on the relation between dis-
placement (u) and traction (t) along the boundary. However, in cal-
culating the internal stresses inside a solid, the integral kernels
associated with boundary displacement have higher order of sin-
gularity (1=r2 for 2D), which causes the so called boundary layer ef-
fect, i.e., large numerical error in calculating stresses near
boundary (Brebbia, 1978). The boundary layer effect makes the cal-
culation of stresses near surfaces or in structures with high aspect
ratio such as thin ﬁlm a difﬁcult job. El-Awady et al. (2008) also re-
ported that the error in the image force on a screw dislocation
approaching a free surface increases as the dislocation approaches
the surface. In many applications such as surface under contact
loading or stress driven surface morphology evolution due to diffu-
sion, the accurate evaluation of stresses and driving forces on dis-
locations close to boundary is required.
One way to reduce the singularity of the integral kernel is to
formulate the boundary integral equations (BIEs) in terms of the
tangential derivatives of displacements du=ds and tractions t.
Starting from the conventional BEM, Ghosh et al. (1986) derived
an alternative formulation for isotropic materials by integrating
by parts the terms associated with the boundary displacements.
The resulting formulation was of lower order singularity and
the displacements were replaced by the tangential derivatives
of displacements along the boundary. A Similar approach was
also used by Wu et al. (1992) for anisotropic materials. Okada
et al. (1988) solved boundary displacements and tractions by
the conventional BEM, and then obtained internal stresses from
the integrals involving the gradient of displacements and trac-
tions at the boundary. Their numerical results showed that the
integrals could calculate internal stresses accurately even when
the points were extremely close to the boundary. In this paper,
we present a uniﬁed approach for setting up BIEs. Several sets
of singular BIEs with different order of singularities are derived.
These are the relations between displacements u and resultant
forces T, between displacements u and tractions t, and between
the tangential derivatives of displacement du=ds and tractions t.
Fields of displacements and stresses inside a solid are expressed
in terms of integrals involving these boundary variables. Focusing
on the integral equations relating tractions t and the tangential
derivatives of displacements du=ds is driven by two factors. One
is to eliminate the boundary layer effect mentioned above. The
other is to derive a formulation that can directly deal with singu-
lar points inside ﬁnite solid, such as dislocations or line forces,
without using linear superposition technique.
Previously published BIEs for anisotropic materials (e.g., Rizzo
and Shippy, 1970; Benjumea and Sikarskie, 1972; and Wu et al.,
1992) were usually derived from fundamental solutions, by using
reciprocal theorem or Somigliana’s identity. Starting from Cauchy
integral theorem, this paper presents a uniﬁed approach in deriv-
ing integral formulations for 2D elasticity for anisotropic materials.
The formulation for materials with different planes of symmetry is
derived. Although, isotropic material is degenerate of the aniso-
tropic case, the corresponding formulation can still be derived by
a limit taking process. Three sets of integral formulations are
obtained, and the relations among these formulations are revealed.
The formulations are presented in complex forms. This allows
the integrals on each boundary element to be evaluated analyti-
cally. A detailed discussion on the numerical implementation ofcomplex-variable integral equations is presented in the sequel
paper. Herein, we focus on the theory and discuss its applications
in dealing with stress ﬁeld in a ﬁnite body that has singular points
such as discrete dislocations.
2. Basic formulation
The approach is based on Lekhnitskii–Eshelby–Stroh (LES) rep-
resentation for anisotropic materials. It has been shown by Eshelby
et al. (1953), Stroh (1958) and Lekhnitskii (1963), that for a two
dimensional problem, i.e. with geometry and external loading
invariant in the direction normal to xy-plane, displacement ui,
stress rij, and the resultant force Ti on an arc can be represented
in terms of a function vector fa
ui ¼ 2Re
X3
a¼1
AiafaðzaÞ
" #
Ti ¼ 2Re
X3
a¼1
LiafaðzaÞ
" #
ð1Þ
r2i ¼ 2Re
X3
a¼1
Liaf 0aðzaÞ
" #
r1i ¼ 2Re
X3
a¼1
Lialaf
0
aðzaÞ
" #
ð2Þ
where function vector fa is holomorphic in its argument,
za ¼ xþ lay, and f 0a is its derivative with respect to the associated
argument za. For plane strain problem, la’s are three complex num-
bers with positive imaginary parts, which can be solved as roots of a
sixth order polynomial,
jCi1k1 þ laðCi1k2 þ Ci2k1Þ þ l2aCi2k2j ¼ 0; ð3Þ
where Cijkl is the stiffness tensor of the material. The other three
roots are their conjugates. For plane stress problem, we only need
to make the substitution, c0ij ¼ cij  ci3cj3=c33, where cij is the stiff-
ness matrix. Each column of A is solved from the eigenvalue
problem
X3
k¼1
Ci1k1 þ laCi1k2 þ laCi2k1 þ l2aCi2k2
 
Aka ¼ 0: ð4Þ
The matrix L is given by
Lia ¼
X3
k¼1
Ci2k1 þ laCi2k2
 
Aka: ð5Þ
The notation used in this paper follows that in Suo (1990), who
proved that the schemes derived by Lekhnitskii and Eshelby are
consistent.
2.1. Field function for a dislocation free solid
Denote f  ½f1ðz1Þ; f2ðz2Þ; f3ðz3ÞT, u as displacements and T as the
resultant force vector at the boundary of a solid. From Eq. (1), we
have
u ¼ A  f þ A  f ð6aÞ
and
T ¼ L  f þ L  f; ð6bÞ
along the boundary. Eliminating f from Eqs. (6a) and (6b),
f ¼ L1  ðBþ BÞ1  ½iu B  T ð7Þ
along the boundary. Here B ¼ iAL1 is a Hermitian matrix.
Denote @X as the boundary of a simply connected domain X in
z-plane (z ¼ xþ iy, i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
) and @Xa the image of @X in za-plane.
For any internal point z in domain X, its image is za ¼ xþ lay in
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expressed by Cauchy boundary integral. Applying Cauchy theorem,
we get f inside the solid as,
f ¼ 1
2p
I
@X
hðC þ laSÞ=ð1a  zaÞi  L1  ðBþ BÞ
1  ½uþ iB  T1ds ð8Þ
where hðC þ laSÞ=ð1a  zaÞi is a diagonal matrix whose ath diagonal
component is ðC þ laSÞ=ð1a  zaÞ. 1 is a point on @X, 1a is its image
on @Xa, C ¼ cos h, S ¼ sin h, h is the tangent angle at 1 (Fig. 1) and ds
is an inﬁnitesimal arc length at @X so that d1 ¼ ðC þ iSÞds and
d1a ¼ ðC þ laSÞds. In this paper, hi represents a diagonal matrix
whose ath diagonal component is , which is expressed inside the
bracket.
Inserting Eq. (8) into Eqs. (1) and (2), we obtain displacement
and stress ﬁeld in terms of the boundary integrals of u and T.
In Eq. (8), the resultant forces T can be replaced by tractions
t ¼ ðtx; ty; tzÞT ¼ dT=ds by integrating by parts,Fig. 2. The branch cuts of logarithmic functions.f ¼ 12p
H
@XhðC þ laSÞ=ð1a  zaÞi  L1  ðBþ BÞ
1  uj1ds
þ 12pi
H
@Xhlnð1a  zaÞi  L1  ðBþ BÞ
1  B  t1ds ð9Þ
where the single-valued branch-cut of lnð1a  zaÞ in za-plane is a
line from za and passing a reference point on the boundary 1ra
(Fig. 2a), so that the argument of ð1a  zaÞ is from argð1ðrÞa  zaÞ to
argð1ðrÞa  zaÞ þ 2p. In deriving the last term of Eq. (9), we assume
T is calculated from the reference point 1r and the external loads
on the boundary are self-equilibrated (
H
@Xtds ¼ 0) so that T is peri-
odic around the boundary.
Using Eqs. (1) and (2), we can express the internal displacement
ﬁeld and the stress ﬁeld by the boundary displacements and trac-
tions. The BIEs that relate u and t along the boundary are derived
using the property of the boundary value of analytic functions, as
will be shown in the next section. This formulation is equivalent
to the conventional BEM that is based on the relations between u
and t along the boundary.
Furthermore, we can reduce the singularity of the kernel asso-
ciated with u in Eq. (9) by replacing u with its derivative to obtain
f ¼  1
2p
I
@X
hlnð1a  zaÞi  L1  ðBþ BÞ
1  du
ds
þ iB  t
 	
1
ds
þ L1  ðBþ BÞ1½iu B  T1ðrÞ ð10Þ
The branch cut of lnð1a  zaÞ is a line from za and passing
through 1ðrÞa (Fig. 2a). In getting the last term, we assume there is
no displacement discontinuity at the reference point 1ðrÞ and the
integration of traction around the boundary is zero.Fig. 1. The boundary of a single connected domain in z-plane. h is the tangent angle
at f, df ¼ eihds and h0 is the tangent angle at f0.2.2. Field function around an internal singular point
Now let’s assume that the stress ﬁeld is singular around an
internal point ðx0; y0Þ in the original plane and vanishes at inﬁnity.
We can construct a contour to circumvent the singular point as
shown in Fig. 3. Let f 0 be the ﬁrst order derivative of f, obtained
by taking the derivative of each component function fa with
respect to its own argument za. The expression of f
0 has a similar
form as the ﬁrst term in the right hand side of Eq. (10) except
for replacing h lnð1a  zaÞi by h 11azai . When the outside part of
the contour, Cout , approaches inﬁnity, due to vanishing du=ds
and tractions t at inﬁnity, the integration on Cout vanishes. The
integrations on C and C+ cancel each other if displacements
across C and C+ are continuous or differ by a constant vector.Fig. 3. The integration contour for ﬁeld with a dislocation.
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z is at the outside of C0, jð1a  z0aÞ=ðza  z0aÞj < 1 and the kernel
1=ð1a  zaÞ in the integral expression of f 0a can be expanded
around the singular point z0a as,
f 0aðzaÞ ¼
X
n¼1
aðnÞa
ðza  z0aÞn
; ð11Þ
where aðnÞa is the ath component of a vector aðnÞ,
aðnÞ ¼ 1
2p
I
C0ðCCWÞ
hð1a  z0aÞ
n1i  L1  ðBþ BÞ1 du
ds
þ iB  t
 	
1
ds ð12Þ
the above integration is counterclockwise along C0 from the
upper bank of the cut to the lower bank.
When the stress has ﬁrst order singularity around the point
ðx0; y0Þ, displacement derivatives along the boundary du=ds and
tractions t have similar order of singularity. For nP 2, aðnÞ vanishes
as C0 becomes inﬁnitely small. Assuming
H
C0ðCCWÞ
@u
@s ds ¼ b (disloca-
tion) and
H
C0
tds ¼ F (concentrated force), f0 is expressed as,
f 0 ¼ 1
2p
1
za  z0a

 
L1  ðBþ BÞ1  ðbþ iB  FÞ ð13Þ
Furthermore, function vector f is obtained by replacing 1
zaz0a
in
the above equation by lnðza  z0aÞ. Letting F ¼ 0, we get the solution
around a dislocation. Letting b ¼ 0, we obtain the solution around
a concentrated force. The result is the same as in Stroh (1958) and
Suo (1990). The stress ﬁeld of second order singularity is also de-
rived. Since it is not directly related to the subsequent discussion,
the results are not listed in this paper.
3. Application to discrete dislocations dynamics in a ﬁnite solid
body
3.1. Field function
Asmentionedearlier, oneof ourmotivations for studying integral
formulation is to develop a fast and convenient stress solver for sim-
ulating dislocations motion in a ﬁnite solid body. Van der Giessen
and Needleman (1995) solved the stress ﬁeld in a ﬁnite body using
a linear superposition technique: adopt the analytical solution for
dislocation in inﬁnite body, calculate the corresponding tractions
on the solid boundary, apply reverse tractions as external load then
solve the non-singular reduced problem using ﬁnite element meth-
od. Biner and Morris (2002), El-Awady et al. (2008), and Tsuru et al.
(2010) used a similar approach, except that the reduced BVP was
solved by using BEM. If the integral formulation based on t and
du=ds is used, such linear superposition technique is unnecessary.
By cutting small holes around all dislocations (Fig. 3), the integra-
tions along these circles and the upper and lower bank of the cutting
branch are analytically obtained, so that the ﬁnal integral is solely
along the external boundary. The ﬁeld function is written as,
fjz ¼ fj1ðrÞ 
1
2p
I
@X
hlnð1azaÞi L1  ðBþ BÞ
1  du
ds
þ iB  t
 	
1
ds
þ 1
2p
Xn
k
hlnðzazðkÞa Þi L1  ðBþ BÞ
1 bðkÞ; ð14Þ
where zðkÞa is the image of the location of kth dislocation, z
(k), in the
za -plane, b
ðkÞ is its Burgers vector, and n is the total number of
dislocations.
Using Eqs. (1) and (2), the displacement and stresses in a ﬁnite
body with dislocations can be calculated.
3.2. Boundary Integral Equations
In a well-posed BVP, u and t are never both given together along
the same direction. Thus, it is necessary to set up BIEs to solveunknown u and/or t along the boundary from the known values
of u and/or t.
For a point 10 ¼ x0 þ iy0 at boundary @X, its image is
10a ¼ x0 þ lay0 at @Xa. Since f 0aðzaÞ is analytic,
f 0að10aÞ ¼
1
pi
I
@Xa
f 0að1aÞ
1a  10a
d1a ð15Þ
where the above integral takes Cauchy Principal Value. If 10 is a
corner point, p at the right side of Eq. (15) should be replaced
by hcorner , which is the angle formed by the two sides at the corner.
Using Eq. (7) and the relation dfa ¼ f 0að1aÞd1a ¼ dfads ds to get the
boundary value of f 0a and then applying Eq. (15) to the boundary
of the cut-off region as shown in Fig. 3, we obtain the integral
equation about the derivatives of displacements du=ds and trac-
tions t,
1
pi
I
@X
K1ð1; 10Þ  ðBþ BÞ
1  i du
ds
 B  t
 	
1
ds
 1
p
Xn
k¼1
K1ðzðkÞ; 10Þ  ðBþ BÞ
1  bðkÞ
¼ K1ðeih0 ;0Þ  ðBþ BÞ1  i duds 
B  t
 	
10
ð16Þ
with
K1ð1; 10Þ ¼ L  h1=ð1a  10aÞi  L1:
Here 10 is a point on the boundary @X and h0 is the tangent an-
gle at point 10 on @X (Fig. 1). From the deﬁnition of K1, one may
notice that matrix L is intentionally placed in front of both sides.
This is to make sure that even in the degenerate cases, such as iso-
tropic materials, in which A and L are singular, K1 still exists in the
limiting sense and the equation holds.
The value of du=ds and t on the boundary can be explicitly ex-
pressed by the values on the other boundary points,
t
du=ds
 
10
¼  2pRe
I
@X
I
iB
 
 K2ð1; 10Þ  ðBþ BÞ
1  duds þ iB  t
 
1ds
 
þ 2p
Xn
k¼1
Re
I
iB
 
 K2ðzðkÞ; 10Þ  ðBþ BÞ
1  bðkÞ
 
ð17Þ
where I is the 3 by 3 unit matrix and
K2ð1; 10Þ ¼ L  hðcos h0 þ la sin h0Þ=ð1a  10aÞi  L1:
This equation is mathematically equivalent to Eq. (16). It is
listed for the convenience of setting up different numerical
schemes and for obtaining analytical solutions for some special
cases.
Using Eq. (6a), an integral equation with weaker singularity is
obtained from Eq. (14) by letting 1ðrÞ ¼ 10, and z approaches 10,I
@X
K3ð1; 10Þ  ðBþ BÞ
1  du
ds
þ iB  t
 	
1
ds

Xn
k¼1
K3ðzðkÞ; 10Þ  ðBþ BÞ
1  bðkÞ ¼ 0 ð18Þ
With
K3ð1; 10Þ ¼ L  hlnð1a  10aÞi  L1
Again the matrix L is placed in front of each term to ensure that
Eq. (18) still holds for degenerate cases such as for isotropic
materials.
We can use the above BIEs to obtain the unknown boundary
values of du/ds and t even when many dislocations exist. For a
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tions there are two reference conﬁgurations. For the singular
solution associated with dislocations in an inﬁnite domain, the
reference is the perfect crystal where the solution for the dis-
placement has jumps across the slip planes. However, in real
experiments on load-/displacement relation, the reference for
the displacement is the original shape before the application of
the load, in which there might be many pre-existing dislocations.
In our numerical simulation, we assume the boundary is traction
free before the application of any load. Since the load is gradually
applied, we only need to make sure the subsequently added dis-
placements or tractions satisfy the given boundary conditions.
The discontinuity associated with the dislocation is taken care
of in the formulation, as illustrated in Fig. 3, so that the boundary
integrals do not include any jump or discontinuity. In the case of
prescribed displacement boundary condition, only derivatives of
the displacement at the boundary, where displacement is pre-
scribed, is required and therefore calculation of the exact dis-
placement with respect to the perfect crystal is not needed for
the simulation.
Once the environmental stress on each dislocation is calcu-
lated from boundary integrals, the driving force for each disloca-
tion is obtained, and the motion of dislocations can be simulated
using rules of dislocation dynamics. In solving the stress ﬁeld in
the evolving solid body, the stiffness matrix for BEM is ﬁxed if
the boundary does not change. The motion of dislocations only
changes the generalized ‘force’ vector. We only need to solve
the inverse of the stiffness matrix once for many steps until some
dislocations nucleate or annihilate at the surface and the external
surface proﬁle changes. Numerical implementation of the above
integral equations and their application in dislocation dynamics
simulation are presented in the sequel paper. Similarly, the point
force solution can be used to derive the boundary integral for the
case when there is a distributed body force inside. The related
equations are listed in Appendix A.
The BIEs derived above are for general anisotropic materials.
The expression for A, L, and B are listed in Stroh (1958) and
Suo (1990). Applying the expression of stress in Eq. (2) to the
equilibrium equations, Stroh (1958) had the relation between
the ﬁrst two rows of L, L1a ¼ laL2a. Because of this, matrix L
was written in Stroh (1958) and Suo (1990) with a relatively
simple form. B is a material property matrix that only depends
on material orientation and is not affected by the choice of the
indeterminate constants for each column of L or A. Since
A ¼ iB  L, we use B and L to replace A in our formulation, thus
all the integrals above only involve matrix B and the products
of matrices in the form of L  hqai  L1, qa is the diagonal compo-
nent in the diagonal matrix. The corresponding integrals and
matrices for the materials with different symmetric properties
are listed in Appendix B.
4. Conclusion
Starting from LES representation for anisotropic materials and
Cauchy integral theorem, this paper presents a uniﬁed approacht
du=ds
 
f0
¼  2pRe
I
@X
I
iB
 
 K2ð1; 10Þ  ðBþ BÞ
1  duds þ iB  t
 
1ds
 
þ 2pRe
R
X i
I
iB
 
 K2ðZðkÞ; 10Þ  ðBþ BÞ
1  B  fbodydA
 in deriving BIEs for 2D elasticity. The relations among the different
integral equations are shown. These equations provide more
choices in devising numerical schemes in BEM. Among different
formulations, formulation based on du=ds and t is given special
attention. The formulation is further extended to the cases that
have many dislocations in a ﬁnite solid body. The advantage of this
formulation in numerical implementation is obvious. It gives a di-
rect method for calculating stress ﬁeld within a ﬁnite solid body
with dislocations inside, without involving any linear superposi-
tion technique as used in the literature (Van der Giessen and
Needleman, 1995; Cleveringa et al., 1999; Biner and Morris,
2002; El-Awady et al., 2008; Tsuru et al., 2010). Once the driving
force is calculated for each dislocation from stress ﬁeld solution,
the motion of each dislocation can be calculated so that micro-
plastic deformation can be obtained. If linearly interpolating
du=ds on each element instead of quadratically interpolating u,
BEM based on this formulation has fewer degrees of freedom
(about half for traction given problem). The kernel in the integral
equations for du=ds and t, Eq. (18), is a logarithmic function, which
has the weakest possible singularity. We expect that the boundary
layer effect that can occur in conventional BEM may be eliminated
(Ghosh et al., 1986; Wu et al., 1992). The feature is very important
if the stress state near the boundary is of great interest, such as in
simulation of surface morphology evolution due to surface
diffusion of reaction, or dislocation motion near surface under
contact load.
The formulation is ﬁrst given for general anisotropic materials.
Later, the corresponding integrals and matrices for the materials
with different symmetric properties are explicitly listed. We show
that the integral formulation is universally applicable to any mate-
rial type. The ﬁnal integral formulation only depends on a matrix
product in the form of L  hqai  L1 and a matrix B. Even for the
degenerate cases, in which A and L are singular, such as trans-
versely isotropic or isotropic materials, the integral equations are
still valid. In the sequel paper, two numerical schemes based on
two of the BIEs, Eqs. (16) and (18), will be devised, presented
and compared. One will be chosen to be combined with discrete
dislocation dynamics algorithm to simulate the dislocation motion
in a ﬁnite solid body.Acknowledgement
This work is supported by a grant from the Department of
Energy under grant number DE-FG02-06ER46284.Appendix A. With body forces
When discrete concentrated forces F(k) are present at z(k) (k = 1,
. . ., n), the BIEs are similar to Eqs. (17, 18), except that the vector
bðkÞ should be replaced by iB  FðkÞ.
When there is continuously distributed body force with force
density fBody, the BIEs becomeðA1Þ
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0 ¼
I
@X
K3ð1; 10Þ  ðBþ BÞ
1  du
ds
þ iB  t
 	
f
ds

Z
X
iK3ðzðKÞ; 10Þ  ðBþ BÞ
1  B  fbodydA: ðA2ÞAppendix B. Matrices for some material types
B.1. Orthotropic materials
When the x3 axis is a twofold symmetry axis, L has a simple
form and the in-plane deformation and anti-plane deformation
are decoupled. The in-plane ﬁeld can be fully expressed by two
holomorphic functions f1 and f2 and the anti-plane ﬁeld purely
by function f3.
B.1.1. Anti-plane problem
For anti-plane problem, all the matrices in the above mentioned
formulation become scalars. We use L ¼ 1; B ¼ ðs44s55  s245Þ
1=2,
and A ¼ iB to replace matrices L, B, and A. The dislocations now
are all screw dislocations. The integral equations are much simpler.
For example, the BIE corresponding to Eq. (16) is
i
du3
ds
 Bt3
 
f0
¼ 1
p
I
@X
C0 þ l3S0
13  103
du3
ds
þ iBt3
 
1
ds
 1
p
Xn
k¼1
ðC0 þ l3S0ÞbðkÞ3
zðkÞ3  103
ðB1Þ
where l3 ¼ ðs45 þ iðs44s55  s245Þ
1=2Þ=s55. The coefﬁcients sij are the
components of conventional compliance matrix.
B.1.2. In-plane deformation
For in-plane ﬁeld, all the matrices above become 2 by 2,
L ¼ l1 l2
1 1
 	
ðB2Þ
and
B ¼ s11Imðl1 þ l2Þ iðl1l2s11  s12Þ
iðl1 l2s11  s12Þ s11Imðl11 þ l12 Þ
 	
ðB3Þ
where l1 and l2 have positive imaginary parts and are the two
roots of the characteristic equation s11l4  2s16l3 þ ð2s
12þ s66Þl2  2s26lþ s22 ¼ 0. The other two roots are their conju-
gates. The above expression is for plain stress deformation. For
plane strain deformation, sij is replaced by s0ij ¼ sij  si3sj3=s33. In
the following, we use sij to represent both plane stress and plane
strain cases, except that their values are different for two cases.
In the integrals in the previous section, any matrix product of
the form L  hqai  L1 can be written as,L  hqai  L1 ¼
q1 0
0 q2
 	
þ q2  q1
l2  l1
l2 l1l2
1 l2
 	
ðB4Þ
Thus, the kernel function in Eq. (16),
K1ð1; 10Þ ¼
1
Dxþl1Dy 0
0 1Dxþl2Dy
" #
 DyðDxþ l1DyÞðDxþ l2DyÞ
 l2 l1l21 l2
 	
;
ðB5Þ
where Dx and Dy are the real and imaginary part of 1 10. In Eq.
(17), kernel function K2ð1; 10Þ is the sum of the diagonal matrixhðcos h0 þ la sin h0Þ=ð1a  10aÞi and a second matrix similar to the
one in Eq. (B5) except that the numerator in the coefﬁcient is
cos h0Dy sin h0Dx instead of Dy. And the kernel function K3ð1; 10Þ
in Eq. (18),
K3ð1; 10Þ ¼
lnðDxþ l1DyÞ 0
0 lnðDxþ l2DyÞ
 	
 1
l2  l1
lnð1þ ðl2  l1ÞDy
Dxþ l1Dy
Þ  l2 l1l21 l2
 	
: ðB6Þ
From Eq. (2), we can calculate the stresses at an internal point
Z = X + iY,
½r11;r12T

Z
¼ 1
p
Re
I
@X
K4ð1; ZÞÞ  ðBþ BÞ1  duds þ iB:t
 	
f
ds
(

Xn
k¼1
K4ðzðkÞ; ZÞ  ðBþ BÞ1  bðkÞ
)
ðB7Þ
where K4ð1; ZÞ has the similar form as K1ð1; ZÞ in Eq. (B5) except the
numerator in the second term Dy need to be replaced by Dx.
Expression for ½r21;r22T

Z
is obtained by replacing K4 with K1 in
the above equation.
The elastic constants for the same material are orientation
dependent, so are l1 and l2. Under an in-plane coordinate rota-
tion, one only needs to change the corresponding la using the for-
mulae in Ting (1982) and transform matrix B as a second order
tensor, as discussed in Suo (1990). In the following, we choose
the principal axes of the orthotropic material to be x- and y- axes.
According to Suo (1990),
l1 ¼ ik
1
4ðnþmÞ;l2 ¼ ik
1
4ðnmÞ; 1 < q < 1
l1 ¼ k
1
4ðinþmÞ;l2 ¼ ik
1
4ðinmÞ; 1 < q < 1
l1 ¼ l2 ¼ ik
1
4; q ¼ 1
ðB8Þ
and
k ¼ s11=s22; q ¼ 12 ð2s12 þ s66Þðs11s22Þ
12; n
¼ ½1
2
ð1þ qÞ
1
2
; m ¼ j1
2
ð1 qÞj12 ðB9Þ
The matrix B for an orthotropic material is
B ¼ 2nðs11s22Þ
1
2k
1
4 iððs11s22Þ
1
2 þ s12Þ
iððs11s22Þ
1
2 þ s12Þ 2nðs11s22Þ
1
2k
1
4
" #
ðB10Þ
The explicit expression for ðBþ BÞ1  duds þ iB  t
 
in the integral
equations above is
ðBþ BÞ1  du
ds
þ iB t
 	
¼ 1
4nðs11s22Þ
1
2
k
1
4 0
0 k
1
4
" #
du
ds
þ1
2
i bk
1
4
bk14 i
" #
t
ðB11Þ
where b ¼ 12n 1þ s12ðs11s22Þ12
 
.
B.2. Degenerate cases: transversely isotropic and isotropic materials
B.2.1. Materials with q = 1 but k–1
The two parameters k and q measure the anisotropy. q = 1 cor-
responds to the degenerate case in which l1 ¼ l2 ¼ ik
1
4; and both
matrices A and L are singular. Though the general Stroh formalism
does not hold for these cases, we still can directly see from Eq. (B5)
that kernel functions K1 and K2 are still well behaved and Eqs. (16)
and (17) are still valid.
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K3ð1; 10Þ ¼ lnðDxþ ik
1
4DyÞ  I Dy
Dxþ l1Dy
ik
1
4 k12
1 ik14
" #
: ðB12Þ
after taking the limit of Eq. (B6). Here I is the unit matrix.
B.2.2. Transversely isotropic and isotropic materials
For transversely isotropic and isotropic materials, k = q = 1, and
l1 ¼ l2 ¼ i, the three kernel functions are
K1ð1; 10Þ ¼ 1DxþiDy I DyðDxþiDyÞ2
i 1
1 i
 	
K2ð1; 10Þ ¼ cos h0þi sin h0DxþiDy I cos h0Dysin h0DxðDxþiDyÞ2
i 1
1 i
 	
K3ð1; 10Þ ¼ lnðDxþ iDyÞ  I DyDxþiDy 
i 1
1 i
 	
:
ðB13Þ
Now the matrix Bþ B ¼ 4s11I, so it can be replaced by the con-
stant 4s11. For example, Eq. (17) becomes
2s11p
t
du=ds
 
10
¼Re I
iB
 

Xn
k¼1
K2ðzðkÞ;10Þ bðkÞ
"(

I
@X
K2ð1;10Þ  ½
du
ds
þ iB  t

1
ds
#)
ðB14Þ
For Eqs. (16) and (18), the constant can be eliminated from both
sides, so we can directly use duds þ iB  t to replace
ðBþ BÞ1  duds þ iB  t
 
.
In the above equations,
B ¼ 2s11 iðs11 þ s12Þiðs11 þ s12Þ 2s11
 	
ðB15Þ
where s11 ¼ 1E1 ; s12 ¼ 
m12
E1
for plane stress, and for plane strain, we
use s011 ¼ 1E1 
m213
E3
; s012 ¼  m12E1 
m213
E3
to replace s11 and s12.
For isotropic material, B ¼ 1E
2 ið1 mÞ
ið1 mÞ 2
 	
for plane
stress and for plane strain deformation,
B ¼ 1l
1 m ið1 2mÞ=2
ið1 2mÞ=2 1 m
 	
.
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